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Abstract. A model is presented to simulate Ohno Continuous Casting (OCC) of cored rods. Equations describing
the axisymmetric transport of heat in the mold and cored rod are discussed. Heat transfer between the system
and the surrounding environment is assumed to take place via convection. If the velocity of casting, the external
temperature profile, the mold temperature, and the mold-cooler distance are given, asymptotic solutions for the
temperature profile in the rod are found and expressions for the solidifying interfacial shapes are developed in the
limit of a small melt slenderness ratio (mold radius/mold length). The effect of process parameters on the shape of
the cored rod system is investigated.
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1. Introduction

The Ohno Continuous Casting process (OCC) (developed by A. Ohno at the Chiba Institute
of Technology in Japan) is used to grow single crystals and to produce cored materials with
unidirectional crystal structure [1–10]. This process differs from conventional continuous
casting procedures in that molten metal is poured into a heated mold, rather than one that
is cooled. The OCC mold has a temperature slightly higher than the solidification temperature
of the metal. See Figures 1 and 2. The crystal growth may then occur near the exit of the mold.
This practically eliminates friction between the mold and cast product, which often results in
tearing or pitting of the cast surface. The heated mold also makes it possible to place a hollow
mandrel within the mold [4, 9], through which liquid core alloys are fed to produce a core
product with unidirectional columnar crystals in the longitudinal direction of the cast.

The OCC process is currently being implemented in a variety of commercial applications.
For example, the OCC technique is being used to cast 8 mm diameter rods of 18 karat gold
alloys that have been successfully drawn to wires of 0·25 mm in diameter, which could not
otherwise be produced by conventional methods [9]. Single crystal copper wires of different
diameters have been grown for use as conductors in audio and video equipment [9]. The
process has also been used to produce copper tubing products with internal fins and partitions
for applications such as heat-exchanger tubes and induction coils [1], and has been applied
to the manufacturing of tubes containing optical fibers. Optical fiber sensors have been con-
sidered in the design and construction of modern structures such as bridges, buildings and
hydroelectric dams. They can be attached to the surface of, or embedded into these materials
and structures and used to continuously monitor physical conditions such as damage, strain, or
temperature [10]. In these applications a metallic cladding for the fiber is needed to protect it
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Figure 1. Schematic of casting arrangement.

Figure 2. Double channel mold–rod system. The shaded regions denote the solid core and cladding.

from the harsh environment. The OCC technique offers an alternative to coating and chemical
vapor deposition (CVD) processes to produce the outer cladding.

This study will consider casting a pure-tin-clad layer outside of a core of Sn-Pb eutectic
alloy. The objective of this study is to obtain an understanding of the casting of cored materials
using a heated double-channel OCC mold. A schematic of this OCC process is shown in
Figure 1 [9]. The equipment consists of two crucibles for melting and containing the pure tin
and the Sn-Pb alloy, level control devices, a withdrawal device for the cast rod, and a double-
channel mold, which is 40 mm long, has an outer channel with a 10 mm bore which defines
the rod diameter, and an inner channel 10 mm long, created by the mandrel, with 3·5 mm inner
diameter and 5 mm outer diameter, which determines the core diameter of the cast product [4].

The key to this method is the use of the double channel mold, with a mandrel placed inside,
as shown in Figure 2. The core alloy is fed through a hole in the mandrel, and then into the
tube created by the mandrel, with the clad material passing on the outside of the mandrel. The
mold permits a single casting operation to produce cored materials whose core and cladding
contain unidirectional structures.

The purpose of this paper is to determine the location and shape of the solidification fronts
in both the core and clad materials. Slight changes in these locations significantly affect the
quality of the cast [6]. First, the location of the clad front is important because, if it is located
far into the mold, the friction created with the mold can cause tearing to occur on the outside of
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the cast rod. Hence, it is desirable to set the processing parameters so that this front is as close
as possible to the mold exit. Then again, it cannot be too close to the exit, because mechanical
vibration and hydrostatic pressure can cause the diameter of the growing rod to vary, which
leads to a non-constant cross-sectional area in the final rod [4, 10]. In addition, the core must
solidify to the right of the mandrel or there will be a hollow channel between the cladding and
core. The remainder of this paper will consist of the development and subsequent testing of a
mathematical model of this system.

There has been an extensive amount of investigation in the literature of Stefan-type prob-
lems [11–30, for example], directional solidification configurations [31–40, for example], and
conventional casting [41–57, for example]. Exact solutions to these classes of problems are
generally restricted to unbounded domains, and subject to limitations on the boundary condi-
tions (for example, constant temperature). For this reason, a variety of approximate analytical
and numerical approaches have been developed to examine domains and boundary conditions
which more closely simulate actual processing conditions.

Analytical approaches have generally been concerned with one-dimensional, planar inter-
face, time-dependent models, or two-dimensional, steady-state models. In the former category,
recent Stefan-type investigations have posed a variety of convective and radiative condi-
tions at the upper and lower boundaries. Series expansion [16], similarity solution [23, 26],
Laplace transform [20, 25], and Green’s function techniques [21] have been used to solve these
problems. There have also been quasi-steady models [13, 14] which employ perturbation ex-
pansions in powers of a small parameter, which is inversely proportional to the latent heat, and
small in magnitude, due to the relatively large value of the latent heat. These one-dimensional
analyses have generally investigated pure-systems, rather than alloy systems.

The two-dimensional analytical models incorporate side-wall heat transfer and lead to
more realistic nonplanar solidification fronts. It is generally believed that one wishes to set the
processing conditions to minimize front curvature so as to minimize transverse temperature
gradients (hence, thermal stresses) and solute segregation. These two-dimensional models
give some insight into the interplay between transverse and axial heat transfer in establishing
the front shape. For Ohno casting, these issues are more relevant for the core fiber than the
protective cladding, since the fiber quality is of primary interest. Brattkus and Davis [33] used
a very successful steady-state asymptotic approach to investigate two-dimensional solidifi-
cation. This approach consisted of expansions in a small aspect ratio, and a boundary layer
analysis near the solidification front. The method has been employed successfully in pure and
alloy systems, because most processing configurations seem to be characterized by a small
aspect ratio. This approach is readily adaptable to ampoule and containerless geometries [39,
40]. The analysis which follows also makes use of this approach.

2. Derivation of the model and nondimensionalization

2.1. ASSUMPTIONS

We make the simplifying assumption that the mandrel has zero thickness, and seek steady-
state solutions. The system is assumed to be axisymmetric with respect to the horizontal
midline in the core, denoted in Figure 2 asr̂ = 0. Our approach is to use asymptotic methods
to reduce the steady-state, coupled set of partial differential equations, which govern the heat
transfer in the cladding and core, to a coupled set of ordinary differential equations. Following
[33, 39, 40], we accomplish this by taking advantage of the disparity between radial and
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axial length scales. We define a melt slenderness ratio,ε = R̂C/M̂, whereR̂C is the radius
of the cladding andM̂ is the length of the mold region. Here,ε is the small parameter in
our asymptotic expansions. For the data listed in Table 1,ε = 0·125. To assess the range of
validity for our results will require a comparison with numerical simulations and experimental
data. We are unaware of any such simulations or data for a cored rod system. However, [2,
5] present results for a single material rod system. They calculate isotherms, parabolic in
shape, which appear to be in agreement with our analysis. They also conclude for smallε

systems, that two-dimensional models give quite reasonable results. Furthermore, they find
that buoyancy driven convection in the melt has a negligible effect on system heat transfer in
smallε systems. This is because the Grashof numberO(102) is below critical due to the thin
domain and relatively small difference between the input melt temperature and melting points
of the core and cladding. Hence, we neglect buoyancy-driven convection in the analysis to
follow. Thus, the melt motion is due solely to the forced input flow and conservation of mass
caused by the pulling of the solidified rod.

Finally, we neglect thermal contraction of the metals after solidification and assume perfect
thermal contact between the cladding and mold and between the cladding and core. A more
complex model is required to include possible air gap formation and subsequent reduction
of heat transfer due to contraction upon cooling. This is an area of extensive research in
conventional casting [44–57].

Table 1. Input data

Parameter Value Units Parameter Value Units

TCM 505·06 K kSR 0·5 W cm−1 K−1

TRM 456·16 K V 18 mm min−1

Texit 513 K h∗
C

0·75 W cm−2 K−1

θhot 535 K h∗a 0·1 W cm−2 K−1

θcold 295 K h∗
SC

0·75 W cm−2 K−1

R̂r 2·5 mm LpC 17·6 kJ kg−1

R̂C 5 mm LpR 19·59 kJ kg−1

M̂ 40 mm L̂ 60 mm

a 1 – Ŵ 70 mm

b 0·22142 – κC 0·1827 cm2 s−1

θ0 0 – κR 0·43313 cm2 s−1

f̃ 2·133 – κSC 0·38318 cm2 s−1

d̃ −6·933 – κSR 0·46140 cm2 s−1

ẽ 5·6 –

kC 0·326 W cm−1 K−1

kSC 0·607 W cm−1 K−1

kR 0·5 W cm−1 K−1
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Figure 3. Region definitions.

Thus, using smallε and given the rod casting velocityV the input clad and core melt tem-
peratures, the external temperatures, and the material properties, we derive approximate ana-
lytical solutions for the temperature fields in the cladding and core, as well as for the shapes
of the solidifying clad and core interfaces. These solutions help to describe the parametric
dependencies within the Ohno casting system.

2.2. GOVERNING EQUATIONS

Since there are different regions to be considered, the following subscripts will be used. A
subscript ofC will denote any quantity relating to the clad region. AnR will denote the core
region andS denotes a solid substance. A ‘ˆ ’ denotes a dimensional quantity. In the analysis
to follow the solidifying free boundaries will be defined by

ĥ(r) = l̂C + Ĥ (r) (2.1)

for the cladding, and

ĝ(r) = l̂R + Ĝ(r) (2.2)

for the core region. The unknown constantsl̂R andl̂C are the mean positions of the interfaces,
as shown in Figure 3. The unknown functionsĤ (r) andĜ(r) represent the deviations from
planarity.

In order to take advantage of a small melt slenderness ratio (melt radius/melt length), we
scale the radial coordinates bŷRC and the axial coordinates bŷM. Thus, we let

ẑ = M̂z, r̂ = R̂Cr, ĥ = M̂h, ĝ = M̂g,
l̂C = M̂lC, l̂R = M̂lR, Ĥ = R̂CH, Ĝ = R̂CG.

(2.3)

Temperature fields are scaled as follows:

T̂i = (θhot− θcold)Ti + θcold, (2.4)

whereθhot is the input melt temperature andθcold is the far field(ẑ → ∞) temperature. We
scale the melt velocities by the draw rateV .
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The nondimensional governing equations are

ε2 PeCVCTCz = TCrr +
1

r
TCr + ε2TCzz , 06 z 6 h(r), Rr 6 r 6 1, (2.5)

ε2 PeRVRTRz = TRrr +
1

r
TRr + ε2TRzz , 06 z 6 g(r),06 r 6 Rr, (2.6)

ε2 PeSCTSCz = TSCrr +
1

r
TSCr + ε2TSCzz , h(r) 6 z <∞, Rr 6 r 6 1, (2.7)

ε2 PeSRTSRz = TSRrr +
1

r
TSRr + ε2TSRzz , g(r) 6 z <∞,06 r 6 Rr, (2.8)

where PeC, PeR, PeSC, and PeSR are the Peclet numbers for the various materials. The Peclet
number is defined to be Pei = V M̂/κi, for the different values of the thermal diffusivity,κi,
i = C,R, SC, SR. Since the Peclet numbers are on the order of 10−1 in magnitude, the heat
transfer is conduction-dominated.

Due to the smallε approximation and low Reynolds number, the melt flow profiles will
be fully developed away from the entrance region and away from the interface locations atlC
andlR. Hence, in Equations (2.5) and (2.6) we include only the axial melt velocitiesVC and
VR. Assuming the input melt velocities are uniform flows with speedV , we write the velocity
profilesVC andVR in the formVi(r) = Ṽi(r)+ 1 with∫ 1

Rr

ṼCr dr = 0,
∫ Rr

0
ṼRr dr = 0 (2.9)

by conservation of mass. Further, we expectṼR = 0 after the mandrel ends, since the core
interface solidifies with rateV and the solid cladding moves at this same speed.

2.3. BOUNDARY CONDITIONS

In determining the boundary conditions, it is necessary to divide the system into three regions,
each with one or more sections. The region divisions are at critical values ofẑ. This scheme
is illustrated in Figure 3.

The boundary conditions at the centerline,r = 0, are

TRr = 0, TSRr = 0. (2.10)

At r = Rr , Rr = R̂r/R̂C, we impose continuity of heat flux and temperature,

kC

kR
TCr = TRr , TC = TR, in region 1, (06 z 6 h(Rr)) (2.11)

kC

kR
TSCr = TRr , TSC = TR, in region 2, (h(Rr) 6 z 6 g(Rr)) (2.12)

kSC

kSR
TSCr = TSRr , TSC = TSR, in region 3, (g(Rr) 6 z <∞). (2.13)
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Here,ki, i = C,R, SC, SR, denotes the thermal conductivities.
Along r = 1, the boundary of the clad region, we have the energy balance for heat transfer

between the liquid and solid clad regions and the surrounding environment. This is defined by

TCr = βC(2(z)− TC), (2.14)

TSCr = βSC(2(z)− TSC), (2.15)

whereβC = h∗CR̂C/kC and,

βSC =



h∗CR̂C
kSC

if lC < z < 1

h∗SCR̂C
kSC

if L < z < W

h∗aR̂C
kSC

if 1 < z < L, z > W

(2.16)

are the Biot numbers.h∗C , h∗SC andh∗a represent the heat transfer coefficients between the
solid cladding and mold, water spray, and air, respectively.2(z) is a function that describes
the outer temperature field. This temperature field is a piecewise function on the intervalz ∈
[0,∞). It describes the temperature in the heated mold, followed by the air cooling zone, the
water spray zone and then the final air zone. The definition of2(z) will be given shortly.
We note that radiation is negligible, due to the low surface temperatures [5]. In Equation
(2.16) we set different definitions of the Biot number for the zones shown in Figure 3. These
zones represent heat transfer between the solid cladding and mold(lC < z < 1), between
the solid cladding and water spray(L < z < W), and between the solid cladding and air
(1 < z < L, z > W). This is consistent with the findings in [5]. While [5] presents a
continuous model for the variation of the heat transfer coefficient over the zones, we use
averaged values of the data in [5] to define the constant heat transfer coefficients in each zone,
as listed in Table 1.

Further, by taking these Biot numbers asO(1) quantities in the analysis to follow, we find
that perfect heat transfer occurs along the boundaries. Hence, the temperature of the rod be-
comes identical to the imposed external temperature profile under the steady state assumption.
Thus we pose that the Biot numbers areO(ε2) quantities,i.e.,

βC = ε2βC, βSC = ε2βSC. (2.17)

This scaling is not necessarily satisfied by the data listed in Table 1. However, [5] presents a
comparison between numerical simulations and a one-dimensional control volume approach,
derived under the assumption of a small Biot number. This comparison demonstrates that
the control volume model leads to reasonable predictions for the thermal profile in slender
rods given by the data in Table 1. Hence, we pose Equation (2.17) and follow the asymptotic
analysis of directional solidification systems for small aspect ratio domains presented in [33,
39, 40]. We note that a similar asymptotic procedure, also relevant for small surface heat
transfer, is presented in [58, 59]. In this procedure, the asymptotic expansions are developed
in the limit of a small surface heat transfer parameter. We could have recast our model into
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this framework. In this context the data in Table 1 results in alarge small parameter. Never-
theless, our conjecture is that it is reasonable to proceed with these small surface heat transfer
approaches, based upon the comparison in [5].

In essence, the scaling in Equation (2.17) leads to a balance between axial and radial heat
transfer in Equations (2.5)–(2.8) atO(ε2). Thus, Equations (2.14)–(2.15) become

TCr = ε2βC(2(z)− TC), (2.18)

TSCr = ε2βSC(2(z)− TSC). (2.19)

At z = 0 we have,

TC = 1, TR = 1. (2.20)

As z→∞,

TSC → 0, TSR → 0. (2.21)

At the solidifying core front,z = g(r) = lR + εG(r), we have,

TR = TRM = TSR, (2.22)

and at the solidifying clad front,z = h(r) = lC + εH(r), we have

TC = TCM = TSC. (2.23)

HereTCM andTRM are the scaled melting points. Energy balances at these fronts are given by

KC(εTSCz − TSCrHr)− (εTCz − TCrHr) = −εStC PeC, (2.24)

KR(εTSRz − TSRrGr)− (εTRz − TRrGr) = −εStR PeR, (2.25)

where,KC = kSC/kC , KR = kSR/kR, and StC = LpC/cpC1T , StR = LpR/cpR1T are the
Stefan numbers. The constantscpC andcpR are the specific heats, and1T = θhot− θcold. LpC ,
LpR denote latent heats per unit volume.

Two other equations are obtained from integrating Equations (2.1) and (2.2),∫ 1

Rr

H(r)r dr = 0, (2.26)

∫ Rr

0
G(r)r dr = 0. (2.27)

These equations are needed since both the mean value positions and the deviations from
planarity are unknown.
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3. Asymptotic analysis

As in [33, 39, 40], we expect boundary layers to appear near the interfaces between the liquid
and solid phases. In these regions, the axial and radial heat transfers balance to set the shape
of the solidifying fronts.

3.1. THE OUTER PROBLEM

The outer problem occurs in the regions away from the solidification fronts. We assume
straight forward asymptotic expansions for the temperatures. These are defined as follows

Ti = Ti0 + εTi1 + ε2Ti2 + · · · , (3.1)

wherei = C,R, SC, SR and each of the subscripted temperature quantities are functions of
r andz. Also, at the interfaces, we assume the asymptotic expansions

H(r) = εH0+ ε2H1+ ε3H2+ · · · ,
G(r) = εG0+ ε2G1+ ε3G2 + · · · .

(3.2)

These orders, the nondimensionalized versions ofh(r) andg(r), and scalings in Equations
(2.17) are consistent with the above discussion concerning axial and radial heat transfer bal-
ance. It will be shown in the analysis to follow, that radial heat transfer appears atO(ε2).
Because of the axially dominated heat conduction, the interfaces are nearly flat, as described
by the ordering in Equation (3.2).

Substituting the above expansions in the governing Equation (2.6) in the liquid core region
we find, atO(1),

TR0(r, z) = AR0(z) log(r)+ BR0(z), (3.3)

whereAR0(z) andBR0(z) are unknown functions to be determined by the boundary conditions.
From (2.10), it follows that

TR0(r, z) = BR0(z). (3.4)

Similarly, atO(ε), we find that

TR1(r, z) = BR1(z), (3.5)

whereBR1(z) is also unknown.
At O(ε2) the governing equation is

TR2rr
+ 1

r
TR2r
= −(TR0zz

− PeR(ṼR(r)+ 1)TR0z
). (3.6)

Upon integration, we find that

TR2(r, z) = −
r2

4
(B ′′R0
− PeRB

′
R0
)+ PeRB

′
R0

∫ r

0

1

x

∫ x

0
ṼR(y)y dy dx + BR2(z), (3.7)
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where′ denotes differentiation with respect toz, and we have used (3.4) and a boundedness
criterion. Further,BR2(z) is another unknown function ofz. A similar solution process in the
liquid clad region gives

TC0(r, z) = BC0(z), (3.8)

TC1(r, z) = BC1(z), (3.9)

TC2(r, z) =
(
−r

2

4
+ 1

2
log(r)

)
(B ′′C0
− PeCB

′
C0
)+ log(r)βC(2(z)− BC0)

+PeCB
′
C0

∫ r

Rr

1

x

∫ x

Rr

ṼC(y)y dy dx + BC2, (3.10)

where we have used Equation (2.18), and whereBCi , i = 0,1,2 are all unknown functions of
z.

The solutions in the solid regions are determined in similar fashion, and found to be:

TSR0(r, z) = BSR0(z), (3.11)

TSR1(r, z) = BSR1(z), (3.12)

TSR2(r, z) = −
r2

4
(B ′′SR0

− PeSRB
′
SR0
)+ BSR2(z), (3.13)

TSC0(r, z) = BSC0(z), (3.14)

TSC1(r, z) = BSC1(z), (3.15)

TSC2(r, z) =
(
−r

2

4
+ 1

2
log(r)

)
(B ′′SC0

− PeSCB
′
SC0
)

+ log(r)βSC(2(z)− BSC0)+ BSC2. (3.16)

Again, the termsBSRi andBSCi are unknown functions ofz. We have not yet used the temper-
ature and heat flux conditions (2.11–2.13). AtO(1), (2.11) implies that

BR0(z) = BC0(z). (3.17)

At O(ε), we have

BR1(z) = BC1(z), (3.18)

and atO(ε2), the two conditions yield the following ODE forBC0(z),

B ′′C0
− B1B

′
C0
− C1BC0 = −C12(z), (3.19)
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where

B1 = −R
2
r (−kC PeC + kR PeR)+ kC PeC

R2
r (kC − kR)− kC

, (3.20)

C1 = − 2kCβ̄C
R2
r (kC − kR)− kC

.

In the above, we have used Equation (2.9). Hence, in this solution procedure, the details of
the fully developed flow are averaged out over the radial direction and the system responds
as if the melt velocity is a uniform flow with speedV . For this reason, we shall ignore the
flow details in the remainder of this analysis, and assume uniform melt velocities in the core
and clad melt. Thus, Equation (3.19), defining the leading order temperature field in this
asymptotic approach, is the type of one-dimensional equation one derives when performing
a heat balance using a control volume approach [5]. However, the asymptotic framework
presented here allows one to derive two-dimensional corrections. We shall comment on the
range of validity of the leading order one-dimensional approximation below. For region 2, as
in Figure 3, the set of boundary conditions (2.12, 2.19) produce a similar ODE forBSC0

B ′′SC0
− B2B

′
SC0
− C2BSC0 = −C22(z) (3.21)

where

B2 = −R
2
r (−kSC PeSC + kR PeR)+ kSC PeSC

R2
r (kSC − kR)− kSC

, C2 = − 2kSCβ̄SC
R2
r (kSC − kR)− kSC

. (3.22)

Finally, in region 3, Equations (2.13, 2.19) yield

B ′′SC0
− B3B

′
SC0
− C3BSC0 = −C32(z), (3.23)

B3 = −R
2
r (−kSC PeSC + kSR PeSR)+ kSC PeSC

R2
r (kSC − kSR)− kSC

, (3.24)

C3 = − 2kSCβ̄SC
R2
r (kSC − kSR)− kSC

.

The constantsCi andBi in Equations (3.20, 3.22 and 3.24) represent conduction-averaged
Peclet and Biot numbers, respectively. Hence, the system behaves as if the cladding and core
combination has been replaced by a single material with the effective properties defined by
these constants.

In the previous equations, (3.19), (3.21) and (3.23), the forcing term2(z) describes the
temperature field outside the rod. We define2(z) piecewise as follows

2(z) =



a + bz, 0< z < 1

θ0, 1< z < L

f̃ z2+ d̃Z + ẽ, L < z < W

θ0, W < z <∞,

(3.25)
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wherea, b, θ0, f̃ , d̃, andẽ are all constants listed in Table 1. The four zones of2(z) represent
a linearly decreasing temperature field in the mold region [2, 5], the ambient air temperatureθ0

between the mold and water spray, the water spray temperature, and the ambient zone after the
water spray. The parabolic model in the water spray is used to simulate variable heat transfer
in this region [5]. In dimensional units, the water spray changes from 23◦C at z = L and
z = W , to 14◦C at the midpoint betweenL andW .

The solutions of Equations (3.19, 3.21, 3.23) provide the leading order temperature pro-
files. These one-dimensional approximations will be valid, provided the radially dependent
correction terms in Equations (3.7, 3.10, 3.13, 3.16) are small in comparison to these approx-
imations. As a crude estimate of such a comparison, we consider the limiting case of equal
thermal conductivities. Thus, theCi andBi in Equations (3.20, 3.22, and 3.24) reduce to Peclet
numbers and Biot numbers, respectively. The coefficients of the radially dependent terms in
Equations (3.7, 3.10, 3.13, 3.16) are then related to the third and fourth terms in Equations
(3.19, 3.21, 3.23). Hence, it can be shown that the radially dependent correction terms are
small in comparison to the leading order one-dimensional temperature fields provided that
βi(2(z) − Bi)/2Bi � 1, i = S, SC, which means that the radial heat transfer is small
in Equations (2.14, 2.15). In deriving the above, we have used Equation (2.17). For Ohno
casting, the comparison between the ambient temperature and the temperature of the rods
satisfies(2(z) − Bi)/Bi < 1, by design. Thus, the one-dimensional approximation is valid
for βi � 2. This is satisfied for the data in Table 1, although Equation (2.17) is not necessarily
satisfied. Hence, the validity of the one-dimensional approximation extends somewhat beyond
this strict ordering. We also point out that if the Biot numbers are large, then the constantsCi,
i = 1,2,3 are large. Hence, the Equations (3.19), (3.21) and (3.23) lead to solutions where
the temperature fields approach2(z). This is consistent with the earlier discussion concerning
the orders of approximation given in Equation (2.17).

In region 1,0< z < lC , the governing ODE is (3.19). The boundary conditions are

BC0(0) = 1, BC0(lc) = TCM . (3.26)

The former follows from Equation (2.20), and the latter from (2.23). This ODE is solved to
obtain

BC0(z) = ϕ1 en1z + ϕ2 en2z + y1+ y2z (3.27)

where

n1 =
B1+

√
B2

1 + 4C1

2
, n2 =

B1−
√
B2

1 + 4C1

2
,

y1 = a + B1b

c1
, y2 = b, (3.28)

ϕ1 = (1− y1)en2lC − (TCM − y1− y2lC)

en2lC − en1lC
, ϕ2 = (TCM − y1 − y2lC)− (1− y1)en1lC

en2lC − en1lC
.

Referring to Figure 3 and the piecewise definition of2(z) in Equation (3.25), we solve
Equations (3.21) and (3.23) by splitting these equations into five zones:lC < z < 1, 1< z <

lR, lR < z < L, L < z < W , andW < z < ∞. We refer to the solutions in these zones
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Figure 4. Boundary layers.

asB(2.1)SC0
, B(2.2)SC0

, B(3.1)SC0
, B(3.2)SC0

, B(3.3)SC0
, respectively. Continuity of temperature and heat flux are

used as the boundary conditions atz = 1 (the mold exit), and atz = L (the water spray zone).
At z = lC we impose the conditionB(2.1)SC0

= TCM , atz = lR we imposeB(2.2)SC0
= TRM = B(3.1)SC0

.

These are derived using (2.22) and (2.23). Asz→∞ we useB(3.3)SC0
= 0 which follows from

Equation (2.21). The details of the solution can be found in [60]. We note that the forms of
the ODE solutions are similar to Equation (3.27) and that the constants (such asϕ1 andϕ2

in Equation (3.27)) are functions oflC andlR, the mean positions of the solidification fronts.
These positions are still unknown and are determined in the boundary layer analysis to follow.

3.2. THE INNER PROBLEM

The inner problem deals with the areas close to the interfaces, as shown in Figure 4. In these
regions, we have not yet satisfied the latent heat equations (2.24, 2.25). At this point, one
could substitute the leading-order temperature fields in Equations (2.24, 2.25) and develop
coupled equations for the mean interface locations,lC andlR. However, determination of the
non-planar corrections,H(r) andG(r), requires a boundary-layer analysis. Hence, we define
two boundary layer coordinates,ξ = z − lc/ϕ(ε) andη = z− lR/ψ(ε).

Note that in Figure 3, region 1,ξ → −∞ to the left of the boundary layer atz = lC,
and in region 2,ξ → ∞ to the right of the boundary layer;η behaves similarly in region
2 nearz = lR. The boundary layers appear in both the clad and core regions, so there are
four temperatures we must resolve near each boundary layer. We defineT̃C andT̃SC to be the
boundary-layer temperatures in the cladding andT̃R andT̃SR in the core region. We find that
ϕ(ε), andψ(ε), the boundary-layer thicknesses, are both of orderO(ε), which allows us to
retain the axial heat transfer terms in Equations (2.5–2.8). We then pose,

T̃i = T̃i0 + εT̃i1 + ε2T̃i2 + · · · , (3.29)

wherei = C,R, SC, SR.
First we examine the boundary layer nearlC . We adopt a superscript notation denoting the

region that the particular temperature is associated with (1 for region 1, etc.). Equations (2.5)
through (2.8) become,

T̃
(1)
Rrr
+ 1

r
T̃
(1)
Rr
+ T̃ (1)Rξξ

= εPeRT̃
(1)
Rξ
, (3.30)
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T̃
(2)
Rrr
+ 1

r
T̃
(2)
Rr
+ T̃ (2)Rξξ

= εPeRT̃
(2)
Rξ
, (3.31)

T̃Crr +
1

r
T̃Cr + T̃Cξξ = εPeCT̃Cξ , (3.32)

T̃
(2)
SCrr
+ 1

r
T̃
(2)
SCr
+ T̃ (2)SCξξ

= εPeSCT̃
(2)
SCξ
, (3.33)

In the above we have assumed a uniform melt velocity, as discussed in the outer problem.
While this is not actually the case, due to no-slip along the mold and mandrel walls, we
impose this condition for simplicity.

We list only those boundary conditions that are referred to in the analysis to follow.
At the solidification front,ξ = εH(r), we have the conditions,

T̃
(1)
Rr
= T̃ (2)Rr

, T̃
(1)
R = T̃ (2)R , (3.34)

T̃C = TCM = T̃ (2)SC , (3.35)

KC(T̃
(2)
SCξ
− T̃ (2)SCr

Hr)− (T̃Cξ − T̃CrHr) = −εStCPeC. (3.36)

Finally, we have the matching conditions,

lim
ξ→−∞ (TR − T̃

(1)
R ) = 0, lim

ξ→∞(TR − T̃
(2)
R ) = 0,

lim
ξ→−∞ (TC − T̃C) = 0, lim

ξ→∞(TSC − T̃
(2)
SC ) = 0.

(3.37)

Similarly, in the boundary layer region nearz = lR, we assume a uniform melt velocity as in
the outer problem discussion. NearlR, this is reasonable, since the solidification rate isV and
since the solid clad moves at this same velocity. The governing equations are then similar to
those listed nearlC . At the solidification front,η = εG(r), we have

T̃
(2)
SCr
= T̃ (3)SCr

, T̃
(2)
SC = T̃ (3)SC , (3.38)

T̃
(2)
R = TRM = T̃SR, (3.39)

KR(T̃SRη − T̃SRrGr)− (T̃ (2)Rη
− T̃ (2)Rr

Gr) = −εStR PeR. (3.40)

Finally, we have the matching conditions,

lim
η→−∞ (TR − T̃

(2)
R ) = 0, lim

η→∞(TSR − T̃SR) = 0,

lim
η→−∞ (TSC − T̃

(2)
SC ) = 0, lim

η→∞(TSC − T̃
(3)
SC ) = 0.

(3.41)

The matching conditions (3.37) and (3.41) require the outer solutions. Substituting Equations
(3.4), (3.5), and (3.7), in (3.1) we find that

TR(r, z) = BR0(z)+ εBR1(z)+ ε2

[
−r

2

4
(B ′′R0
− PeRB

′
R0
)+ BR2(z)

]
+ · · · . (3.42)



Ohno continuous casting of cored rods65

Similar expressions are developed forTC(r, z), TSR(r, z), andTSC(r, z). The matching process
requires that we write these outer solutions in terms of the inner variables,ξ andη. Using
Equation (3.42), we have that in the liquid core.

TR = BR0(lC)+ ε(BR1(lC)+ ξB ′R0
(lC))+ ε2

[
BR2(lC)+ εB ′R1

(lC)+ ξ
2

2
B ′′R0

(lC)

− r
2

4
(B ′′R0

(lC)− PeR B
′
R0
(lC))

]
+ · · · . (3.43)

This can be repeated with the other temperature fields nearz = lC andz = lR. From here
one can determine the matching conditions at various orders.

The solutions to the leading-order boundary-layer problem nearz = lC are given by

T̃
(1)
R0
= T̃ (2)R0

= BR0(lC), (3.44)

T̃C0 = T̃ (2)SC0
= BC0(lC) = BSC0(lC) = TCM . (3.45)

Via a similar analysis at the boundary layer nearz = lR we find, using the leading order, that

T̃
(2)
R0
= T̃SR0 = BR0(lR) = BSR0(lR) = TRM , (3.46)

T̃
(2)
SC0
= T̃ (3)SC0

= BSC0(lR). (3.47)

Solving theO(ε) problem, we find that

T̃
(1)
R1
(r, ξ) = T̃ (2)R1

(r, ξ) = B ′R0
(lC) · ξ, (3.48)

T̃C1(r, ξ) = B ′C0
(lC) · ξ, (3.49)

T̃
(2)
SC1
(r, ξ) = B ′SC0

(lC) · ξ, (3.50)

T̃
(2)
R1
(r, η) = B ′R0

(lR) · η, (3.51)

T̃SR1(r, η) = B ′SR0
(lR) · η, (3.52)

T̃
(2)
SC1
(r, η) = T̃ (3)SC1

(r, η) = B ′SC0
(lR) · η. (3.53)

ForO(ε), the latent heat conditions, Equations (3.36) and (3.40) become

KCB
(2.1)
SC0

(lC)− B ′C0
(lC) = −StC PeC, (3.54)

KRB
(2.2)
SC0

(lR)− B ′C0
(lR) = −StR PeR. (3.55)

Equations (3.54) and (3.55) are two coupled nonlinear equations for the mean solidifying
positionslC and lR. The coupling occurs since the outer solutions forBC0, B

(2.1)
SC0

andB(2.2)SC0

are functions of bothlC and lR, as discussed previously. MapleV was used to solve (3.54)
and (3.55) forlC and lR. Contour plots of Equations (3.54) and (3.55) over anlC and lR
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Figure 5. Temperature profile in the clad melt and solid regions.

neighborhood around the mold exit appear to reveal a unique solution in this region. For the
data listed in Table 1, we find thatlC = 0·8088 (32·352 mm), andlR = 1·316 (52·64 mm). A
plot of the temperature profile found in the clad regions is plotted in Figure 5. Notice where the
function intersects the two horizontal lines. The top line is the melting temperature of the clad
region, and the bottom line is the melting point of the core. These intersection points represent
the mean positions of the solidification fronts,lC and lR, respectively. Further discussion of
these results will take place in the section on parametric studies which follows. As a final note,
the above boundary layer analysis is not necessary if we are only interested in determining the
mean planar locations. Equations (3.54) and (3.55) follow from (2.24) and (2.25), using a one-
dimensional analysis. The boundary-layer discussion above is presented only as a consistent
development for the next section.

3.3. DEVIATION FROM PLANARITY

Now that we have determined the mean positions of the interfaces, our focus is on determining
the correction factors associated with each interfacial shape,i.e., H(r) andG(r). We will
accomplish this by continuing the asymptotic analysis toO(ε2), and making use of Equation
(3.2).

In regions 1 and 2, we list some of the equations to be solved.

T̃
(1)
R2rr
+ 1

r
T̃
(1)
R2r
+ T̃ (1)R2ξξ

= PeR T̃
(1)
R1ξ
, (3.56)

T̃
(2)
R2rr
+ 1

r
T̃
(2)
R2r
+ T̃ (2)R2ξξ

= PeR T̃
(2)
R1ξ
. (3.57)

In order to simplify these and obtain a simpler version of the matching condition Equation
(3.37) atO(ε2), we define the modified temperatures,T̄

(1)
R andT̄ (2)R such that

T̃
(1)
R2
(r, ξ) = ξ2

2
B ′′R0

(lC)+ ξB ′R1
(lC)+ BR2(lC)−

r2

4
(B ′′R0

(lC)− PeRB
′
R0
(lC))+ T̄ (1)R , (3.58)

T̃
(2)
R2
(r, ξ) = ξ2

2
B ′′R0

(lC)+ ξB ′R1
(lC)+ BR2(lC)−

r2

4
(B ′′R0

(lC)− PeRB
′
R0
(lC))+ T̄ (2)R . (3.59)

The form of these substitutions is motivated by Equation (3.43) which is used in the match-
ing process. Similarly, in the outer regions we develop expressions forT̃C2(r, ξ), T̃

(2)
SC2
(r, ξ),

T̃
(2)
R2
(r, η), T̃SR2(r, η), T̃

(2)
SC2
(r, η), andT̃ (3)SC2

(r, η).
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By defining the solutions in this way, we develop the following set of equations for the
modified temperatures̄Ti. The equations nearz = lC become

T̄
(1)
Rrr
+ 1

r
T̄
(1)
Rr
+ T̄ (1)Rξξ

= 0, (3.60)

T̄
(2)
Rrr
+ 1

r
T̄
(2)
Rr
+ T̄ (2)Rξξ

= 0, (3.61)

T̄Crr +
1

r
T̄Cr + T̄Cξξ = 0, (3.62)

T̄
(2)
SCrr
+ 1

r
T̄
(2)
SCr
+ T̄ (2)SCξξ

= 0, (3.63)

subject to the matching conditions

lim
ξ→−∞ T̄

(1)
R = lim

ξ→∞ T̄
(2)
R = 0, lim

ξ→−∞ T̄C = lim
ξ→∞ T̄

(2)
SC = 0. (3.64)

As stated previously, the simplicity of the matching conditions motivates the change of vari-
ables listed in Equations (3.58)–(3.59). The other boundary conditions are

T̄
(1)
Rr
= 0= T̄ (2)Rr

, at r = 0, (3.65)

kR

kC
T̄
(1)
Rr
= T̄Cr , T̄

(1)
R = T̄C, (3.66)

kR

kSC
T̄
(2)
Rr
= T̄ (2)SCr

, T̄
(2)
R = T̄ (2)SC at r = Rr, (3.67)

T̄Cr = 0= T̄SCr , at r = 1. (3.68)

Also, by integrating Equations (3.60)–(3.63) with respect tor over their appropriater-domains
and using (3.64)–(3.68), we find that∫ Rr

0
T̄
(1)
R · r dr =

∫ Rr

0
T̄
(2)
R · r dr = 0, (3.69)

∫ 1

Rr

T̄C · r dr =
∫ 1

Rr

T̄
(2)
SC · r dr = 0.

These expressions will be used in the final search forH0 andG0 as defined in (3.2). The
remaining boundary conditions are those defined at the interfaceξ = εH(r), in Equations
(3.34)–(3.36). Using Equation (3.2) and Taylor series expansions, we define the following
boundary conditions at this interface

−H0B
′
R0
(lC) = BR2(lC)−

r2

4
(B ′′R0

(lC)− PeR B
′
R0
(lC))+ T̄ (1)R (r,0), (3.70)
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−H0B
′
R0
(lC) = BR2(lC)−

r2

4
(B ′′R0

(lC)− PeR B
′
R0
(lC))+ T̄ (2)R (r,0), (3.71)

−H0B
′
C0
(lC) = BC2(lC)+ log(r)βC(2(lC)− BC0)

+
(

log(r)

2
− r

2

4

)
(B ′′C0

(lC)− PeC B
′
C0
(lC))+ T̄C(r,0), (3.72)

−H0B
′
SC0
(lC) = BSC2(lC)+ log(r)βSC(2(lC)− BSC0)

+
(

log(r)

2
− r

2

4

)
(B ′′SC0

(lC)− PeSC B
′
SC0
(lC))+ T̄ (2)SC (r,0), (3.73)

KCT̄
(2)
SCξ
− T̄Cξ = 0. (3.74)

In the above,BR2(lC), BC2(lC), and,BSC2(lC) are unknown quantities. We determine these by
multiplying the Equations (3.70)–(3.73) byr and integrating over the appropriater-domain.
The resulting expressions forBR2(lC), BC2(lC), and,BSC2(lC) are substituted back in (3.70)–
(3.73). After simplifying, we find that

−H0B
′
R0
(lC) =

(
R2
r

8
− r

2

4

)
[B ′′R0

(lC)− PeR B
′
R0
(lC)] + T̄ (1)R (r,0), (3.75)

−H0B
′
R0
(lC) =

(
R2
r

8
− r

2

4

)
[B ′′R0

(lC)− PeR B
′
R0
(lC)] + T̄ (2)R (r,0), (3.76)

−H0B
′
C0
(lC) = βC

[
1

2
+ R

2
r log(Rr)

(1− R2
r )
+ log(r)

]
(2(lC)− BC0(lC)) (3.77)

+
[

3+ 4(R2
r log(Rr)− log(r))− 2(R2

r + r2)

8(1− R2
r )

]
· (B ′′C0

(lC)− PeC B
′
C0
(lC))+ T̄C(r,0),

−H0B
′
SC0
(lC) = βSC

[
1

2
+ R

2
r log(Rr)

(1− R2
r )
+ log(r)

]
(2(lC)− BSC0(lC)) (3.78)

+
[

3+ 4(R2
r log(Rr)− log(r))− 2(R2

r + r2)

8(1− R2
r )

]
· (B ′′SC0

(lC)− PeSC B
′
SC0
(lC))+ T̄SC(r,0).

We can derive similar equations forG0. The details can be found in [60]. To complete the
analysis forO(ε2), we solve (3.60)–(3.63) using separation of variables.

After applying the boundary conditions, we find the solutions can be expressed as

T̄
(1)
R (r, ξ) =

∑
an eλnξJ0(λnr), (3.79)

T̄C(r, ξ) =
∑

bn eλnξ
[
Y0(λnr)− Y1(λn)

J1(λn)
J0(λnr)

]
, (3.80)
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T̄
(2)
R (r, ξ) =

∑
cn e−λnξJ0(λnr), (3.81)

T̄
(2)
SC (r, ξ) =

∑
dn e−λnξ

[
Y0(λnr)− Y1(λn)

J1(λn)
J0(λnr)

]
, (3.82)

whereJ0, J1, Y0, andY1 are Bessel functions and theλn are the zeros of the Bessel function
J1. At ξ = 0, we have the condition that,̄T (1)R (r,0) = T̄ (2)R (r,0), so it follows thatan = cn.
Also, from the latent heat condition (3.74), we find thatbn = −KCdn.

If we now multiply Equation (3.77) byB ′SC0
(lC) and (3.78) byB ′C0

(lC), equate them, and

use (3.80), we may solve for̄T (2)SC (r,0). Substituting this in Equation (3.78), we find the
following expression forH0:

H0 =
[
βC(TCM −2(lC))+KCβSC(TCM −2(lC))

KCB
′
SC0
(lC)+ B ′C0

(lC)

]
×
[

1

2
+ R

2
r log(Rr)

(1− R2
r )
+ log(r)

]

−
[
B ′′C0

(lC)− PeC B ′C0
(lC)+KC(B ′′SC0

(lC)− PeSC B ′SC0
(lC))

KCB
′
SC0
(lc)+ B ′C0

(lC)

]

×
[

3+ 4(R2
r log(Rr)− log(r))− 2(R2

r + R2)

8(1− R2
r )

]
. (3.83)

Figure 6. Shape of the clad liquid–solid interface. Figure 7. Shape of the core liquid–solid interface.

The numerators in Equation (3.83) represent radial heat transfer near the solidification front
lC, while the denominators correspond to axial heat transfer near this front. The denominator
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is negative in this case, so that the concavity of the curved isotherm is set by the direction of
heat transfer determined by the temperature differenceTCM −2(lC) in the expression forH0.
For the data listed in Table 1, Equation (3.83) is plotted in Figure 6. This figure corresponds
to the lower portion of the clad region shown in Figure 2. Here the exit temperature of the
mold is 513 K, which is greater than the melting point of tin, which is 505·06 K. Thus, the
clad material closer to the mold is hotter than the melting point, so that heat transfers in
radially. The material close to the core is cooler by comparison, due to axial heat transfer.
This accounts for the shape definition in Figure 6, with faster solidification near the core. If
we were to include the flow details nearlC, the expression forH0 would have an additional
term corresponding to the zero-mass flow,ṼC. Young and Chait [39] provide an example of
such an analysis for the float-zone configuration.

Similar to the analaysis forH0, we find that

G0 =
(
R2
r

8
− r

2

4

)
×
[
B ′′R0

(lR)− PeR B ′R0
(lR)+KR(B ′′SR0

(lR)− PeSR B ′SR0
(lR))

KRB
′
SR0
(lR)+ B ′R0

(lR)

]
. (3.84)

This function is plotted in Figure 7. Notice thatG0 is parabolic in shape, although the
magnitude of the deflection is an order of magnitude smaller than in the clad zone, as in
Figure 6. Nearz = lR, the heat being transferred in from the clad region heats the core above
the melting point, so near the cladding, the core material is warmer. The middle of the core is
cooler by comparison, so it solidifies quicker. Similar to the discussion forH0, the numerator
characterizes radial heat transfer, while the denominator represents axial heat transfer. Thus,
achieving a planar interface requires operating conditions which minimize radial heat transfer
at the front and/or which maximize the sum of axial temperature gradients between the core
liquid and solid phases at this location.

As a limiting case, consider Equations (3.11), (3.17), (3.19–3.22). When the core and clad
thermal conductivities and melting points are equal, the system does not distinguish between
core and clad material. The first two terms of the differential equations in (3.19) and (3.21),
evaluated atz = lR, are identical to the expressions in the numerator of (3.84). Hence, we can
replace these expressions by the third and fourth terms in (3.19) amd (3.21) asRr → 1. The
result is the numerator expression,βC(TCM−2(lC))+KCβSC(TCM−2(lC)), in (3.83). Hence,
Equations (3.83) and (3.84) collapse to the same equation and we have a single material system
with parabolic isotherms and solidification front, which agrees with the numerical simulations
for thin rods [2, 5].

Table 2. Constant velocity,V = 18 mm/
min, clad thickness,R̂r = 2·5 mm and
mold cooler distance,̂L = 20 mm

TK lC lR

515 0·4109 1·127
530 0·7464 1·283
540 0·8673 1·346
550 0·9532 1·405

Table 3. Constant initial temperature,T =
575 K, clad thickness,̂Rr = 2·5 mm, and
mold cooler distance,̂L = 20 mm.

V mm/min lC lR

6 0·5201 1·038
12 0·6762 1·173
18 0·8088 1·316
24 0·9319 1·472
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Figure 8. Interface shapes (in mm) taken from the nondimensional data in Table 3.

4. Parametric study

We now examine the system’s response to a change in the various casting variables. As stated
earlier, the materials considered here are pure tin as a cladding, and a Sn-Pb alloy for the core
[4]. The input data used in the simulations can be found in Table 1 [2, 4, 61, 62].

First, let the casting speedV remain constant. If we raise the input temperature of the melt,
the position of the fronts should move closer to the mold exit, since it will take longer to reach
the melting point. Likewise, lowering the initial temperature will result in the front moving
farther back into the mold. The results in Table 2 are consistent with this explanation.

Next, we let the initial temperature remain fixed. An increase in the casting velocity should
move the front closer to the mold exit. This happens because the material is moving faster
compared to the axial heat transfer. Likewise, a decrease in the casting speed will result in
the front solidifying further into the mold. These results are reported in Table 3. Figure 8
shows the shapes (in dimensional units) of the solidification fronts. Equations (2.1), (2.2),
(3.2), (3.83) and (3.84), and the results in Table 3, were used to define the fronts. We note
that the temperature isotherms are more parabolic in the mold region and flatter near the water
spray. This is consistent with numerical simulations of Ohno Casting of a single material [2,
5] and reflects that radial heat transfer is largest in the mold region. Additionally, because of
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Figure 9. Locations of the mean clad and core solidi-
fication fronts for the fixed valueŝRr = 2·5 mm and
L̂ = 60 mm.

Figure 10. Locations of the mean clad and core solid-
ification fronts for the fixed valueŝRr = 2·5 mm and
V = 18 mm/min.

Figure 11. Locations of the mean clad and core solid-
ification fronts for the fixed valuesV = 18 mm/min
andL̂ = 60 mm.

Figure 12. Locations of the mean clad and core so-
lidification fronts for the fixed valuesT = 535 K and
R̂r = 2·5 mm.

its smaller thermal diffusivity, the cladding acts as an insulating layer to the core, reducing
the radial heat transfer, as discussed above. The practical implication is that the flat core
solidification front should lead to reduced radial segregation when casting multi-component
alloys. Further, since the core front appears to remain flat over a wide range of processing
conditions, practioners can focus on setting the operating conditions to keep the clad front
near the mold exit.

Table 4. Constant velocity,V = 18 mm/
min, clad thickness,̂Rr = 2·5 mm, and
initial temperature,T = 575 K.

L̂mm lC lR

55 0·7971 1·291
60 0·8088 1·316
65 0·8400 1·367
70 0·8712 1·441

Table 5. Constant velocity,V = 18 mm/
min, initial temperature,T = 575 K, and
mold cooler distance,̂L = 20 mm.

R̂r mm lC lR

4·5 0·7113 1·094
3·75 0·7698 1·267
2·5 0·8088 1·316
1·25 0·8361 1·350

Next, we fix the velocity and initial melt temperature and vary the location of the water
spray. By moving the water spray closer to the mold exit, we expect the positions of the fronts
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Figure 13. Operating points to set the location ofl̂C at the mold exit (40 mm) for the fixed valueŝRr = 2·5 mm
andL̂ = 60 mm.

to be farther into the mold. This happens due to an increase in the axial heat transfer. In a
similar fashion, moving the water spray further from the mold exit results in the interface
position moving out toward the end of the mold. The results are listed in Table 4.

Finally, keeping the previous quantities constant, we vary the thickness of the cladding. For
all the earlier examples,̂Rr = 2·5 mm. Notice that the thinner the clad layer,i.e., the higher
value ofR̂r , the further into the mold the front solidifies. Since the core has a higher thermal
diffusivity, the axial heat transfer is enhanced. The results are listed in Table 5.

Consider the location of the clad and core solidification fronts shown in Figure 9. For
sufficiently large input melt temperature and casting velocity, the position of the clad interface
l̂C moves outside the mold (> 40 mm), This is not necessarily desirable. Once outside the
mold, the clad growth occurs in a float zone configuration [8, 10]. This is not accounted for in
this model. On the other hand, if the interface is too far into the mold, the friction caused by
the solid clad material scraping against the surface of the mold will cause tearing of the clad
material. This occurs for slower casting velocities and lower input melt temperatures.

In Figure 10, we see that the position of the water spray also affects the front location,
though not as drastically as do changes in the casting velocity.

In Figure 11, we see that the solidification fronts are sensitive to the clad thickness, due to
the mismatch in thermal diffusivity between the cladding and core. Finally, Figure 12 indicates
that the system is much more sensitive to changes in the input melt temperature and casting
velocity than to changes in the water spray location. Furthermore, the front locations appear
to vary linearly with changes in the casting speed.

The above results are summarized in Figure 13. Using the data from Figure 9, we plot
the input melt temperature and casting velocity which set the location of the clad frontl̂C at
the mold exit. For operating points above the curve,l̂C will be outside the mold. If we move
the water spray closer to the mold exit,i.e. decreasêL, the operating curve will be slightly
above that shown in Figure 13. Hence, there is a slightly larger operating domain for whichl̂C
remains inside the mold.

There are a number of extensions that can be made to this work. Ignoring the mandrel will
definitely change the system heat transfer, and should be examined thoroughly to improve the
accuracy of the model. Also, the effects of fluid dynamics, such as the input liquid pressure,
contribute to the cast quality [1, 6]. Furthermore, the composition of binary systems can
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influence the cast quality [6]. Finally, dissolution between the solid cladding and the liquid
core is an important phenomenon to be considered [4].
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